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ABSTRACT
I present quantum wormhole solutions in the Kantowski–Sachs spacetime gen-
erated from coupling the gravitational field to the axion and EM fields. These
solutions correspond to the classical ones found by Keay and Laflamme and by
Cavaglia` et al.
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Wormholes (WHs) are classical or quantum solutions for the gravitational
field describing a bridge between two asymptotic manifolds. In the classical case
they can be interpreted as instantons describing a tunnelling between two distant
regions; on the contrary, in the quantum case, WHs are non singular solutions
of the Wheeler–de Witt (WDW) equation with particular boundary conditions
which point out that the manifold is asymptotically euclidean [1,2]: following the
Hawking–Page prescription the wave function for large 3–metrics must reduce
to the vacuum wave function defined by a path integral over all asymptotically
euclidean metrics.
In the classical theory, pure gravity WH solutions do not exist and it seems
that only particular kinds of matter and gauge fields coupled to gravity generate
WH solutions. In particular, spherically symmetric WHs generated from coupling
the gravitational field to the axion, to the conformal massless field and to a Yang–
Mills field have been discussed in the literature [3-8]. The magnetic monopole
solution in four dimensions with symmetry S2×S1 has been investigated by Keay
and Laflamme [9].
On the contrary, in the quantum formalism it seems (but not proved) that
every matter field could generate WH solutions. Hawking and Page [2], Camp-
bell and Garay [10] and Gonza´lez-Dı´az [11] have discussed the case of massless
minimal coupled scalar field, Hawking and Page [2] have also discussed the cases
of massive minimal coupled and conformal scalar field. The fact that every mat-
ter or gauge field could admit WH solutions is very important: few years ago
S. Coleman argued that the presence of a wormhole coherent foam could drive
the cosmological constant to zero [12]; however this consideration should be very
hard to support if only particular fields generate WH solutions. Therefore it
seems of crucial importance to explore which matter or gauge fields generate WH
solutions.
The aim of this letter is to present quantum WHs in the Kantowski–Sachs
(KS) spacetime, i.e. non spherically symmetric solutions of the WDW equation.
In particular I will deal with axion and EM fields. The structure of the paper is the
following: I will recall briefly classical solutions and then I will find corresponding
WDW solutions. As we will see below, unlike the classical framework, in quantum
formalism pure gravity WH solutions do exist and I will show that the EM field
generates WH in canonical quantum gravity.
Let us consider the spacetime manifold to be described by the KS euclidean
line element:
ds2 = N2(t)dt2 + a2(t)dχ2 + b2(t)dΩ22 (1)
where χ is the coordinate of the 1-sphere, 0 ≤ χ < 2pi, dΩ22 represents the line
element of the 2-sphere and N(t) is the lapse function. We can simplify the line
element choosing N(t) = 1. The action of our problem is
SE =
∫
Ω
d4x
√
g
[
−M
2
p
16pi
R + L(φ)
]
+
∫
∂Ω
d3x
√
h
M2p
8pi
K (2)
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where Ω is the compact four dimensional manifold described by (1), R is the
curvature scalar, L(φ) is the matter lagrangian, K is the trace of the extrinsic
curvature of the boundary ∂Ω of Ω and h is the determinant of the induced metric
over ∂Ω.
Let us consider the case L(φ) = 0. Substituting (1) in (2) we obtain (M2p = 1
and we neglect some constants):
SE = −
∫
dt
[
ab˙2 + 2a˙bb˙+ a
]
(3)
where the dot represents differentiation with respect to t and we have integrated
over the coordinates of the 1-sphere and 2-sphere. The problem is then formally
reduced to two degrees of freedom: a and b. From (3) it is easy to derive the
hamiltonian constraint and the classical equations of motion for a and b [13].
Thus we can easily deduce that the only non singular and asymptotically flat
solution is given by b2 = t2 and a2 = const., and it represents a R3 × S1 flat
euclidean space. This result is well known and not surprising: in fact one can
prove that the only solution of the Einstein equations asymptotically flat with
zero energy is the flat space [14] and that in order to allow topology changes the
eigenvalues of the Ricci tensor must be negative somewhere on the manifold [15].
Therefore, no pure gravity WH solutions exist in the classical euclidean frame.
If we add an axion field the action (3) becomes
SE = −
∫
dt
[
ab˙2 + 2a˙bb˙+ a+ ab2Φ˙2
]
(4)
where Φ is the axion pseudoscalar which corresponds in the euclidean framework
to an imaginary massless scalar field. From (4) we can easily write the equations
of motion and after some algebra we obtain [9]:
ds2 = dt2 + c¯2dχ2 + (t2 + c2)dΩ22, (5a)
Φ = arctan
t
c
(5b)
where c is an integration constant related to the flux of the axionic field through
any S1 × S2 three–manifold and c¯ is an integration constant with dimension of
length whose value will remain arbitrary. The solution (5) was first found by Keay
and Laflamme [9]. (5) is never singular and for t→∞ b2 → t2. This asymptotic
behaviour ensures that the solution can be interpreted as a WH connecting two
asymptotic flat space regions with topology R3 × S1 and thus (5a) represents a
WH joining two asymptotically R3 × S1 regions. Now let us examine the case of
an electromagnetic field. If we choose for the vector potential the ansatz [13] (see
also [9] for the dual)
Aµ = A(t)δχµ, (6)
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the action (3) becomes:
SE = −
∫
dt
[
ab˙2 + 2a˙bb˙+ a− b
2
a
A˙2
]
. (7)
In this case the solution is:
ds2 = dt2 + c¯2
t2
c2 + t2
dχ2 + (c2 + t2)dΩ22, (8a)
A(t) =
c¯c√
c2 + t2
(8b)
where, as in previous case, c is an integration constant related to the flux of the
EM field and c¯ is an integration constant with dimension of length whose value
will remain arbitrary. Again the solution can be interpreted as a WH connecting
two asymptotic flat space regions R3 × S1. At t = 0 the metric seems singular
but this is only due to the choice of the coordinates, that cover only half of the
WH (for a complete discussion, see [13]). Indeed, in the neighbourhood of t = 0,
redefining the variable χ, the line element becomes (c¯ = c)
ds2 = dt2 + t2dχ2 + c2dΩ22. (9)
In the neighbourhood of t = 0 our solution coincides with an euclidean Kasner
universe [16]. Naturally the singularity at t = 0 can be eliminated by going
to cartesian coordinates in the (t, χ) plane. This particular case of singularity
removable by a different choice of coordinates has been classified by Gibbons and
Hawking [17] as a ‘bolt’ singularity. In the neighbourhood of t = 0 the topology
is locally R2 × S2 with R2 contracting to zero as t→ 0.
Now we look for the quantum solutions corresponding to the classical solu-
tions discussed above. To quantize the action (3) we must associate the classical
quantities a and b and their momenta to quantum operators. Then it is advisable
to cast the action (3) in a different form because the lagrangian is not quadratic
in the canonical momenta. Let us introduce a change of variables in order to
separate the canonical momenta:
a = f(x, y), (10a)
b = g(x, y). (10b)
Substituting into the lagrangian we can require the term proportional to x˙y˙ to
vanish; if f does not depend on y this condition implies that the functions f and
g fulfill
f
∂g
∂x
+ g
∂f
∂x
= 0. (11)
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Analogous results can be obtained with the conditions f(x, y) ≡ f(y), or g(x, y) ≡
g(x), or g(x, y) ≡ g(y). From (11) we obtain the final form for a and b:
a = f ≡ f(x), (12a)
b = g =
h(y)
f(x)
(12b)
where h(y) is an arbitrary function of y. Substituting (12) into the lagrangian
(3) we can write the classical hamiltonian in terms of the new canonical variables
x and y and of their canonical momenta:
H = − f
4h2
[
1
(h′/h)2
Π2y −
1
(f˙/f)2
Π2x − 4h2
]
(13)
where now the dot represents differentiation with respect to x and the prime
denotes differentiation with respect to y. Now we can quantize the system sub-
stituting quantum operators for the classical quantities. Choosing the Laplace–
Beltrami ordering for the kinetic part, the WDW equation in the pure gravity
case becomes: [
∂2
∂β2
− ∂
2
∂α2
− 4e2β
]
Ψ(α, β) = 0 (14)
where f(x) = exp[α(x)] and h(y) = exp[β(y)]. Now it is straighforward to write
the bounded solution of (14):
Ψν(f, h) = f
±iνKiν(2h) (15)
or, in terms of the scale factors a and b:
Ψν(a, b) = a
±iνKiν(2ab) (16)
where ν is a real number and Kiν is the modified Bessel function of index iν [18].
The asymptotic behaviour of the wave function (16) for large values of the scale
factor b is:
Ψ ≈ exp(−2ab). (17)
This is exactly the asymptotic behaviour of a solution representing a wormhole
with spatial symmetry S2 × S1 joining two flat regions R3 × S1 (see for instance
[10]); however the behaviour of (16) is not regular at b → 0 since Ψ goes like
b±iν as one approaches b = 0; then (16) cannot be interpreted as a (pure gravity)
quantum wormhole but it represents an empty quantum baby universe with an
initial singularity and maximum dimension ab ≈ ν. We can construct a type WH
solution considering a superposition of wave functions (16):
ΨWH =
∫
dνC(ν)Ψν . (18)
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Choosing for instance C(ν) = eiνµ (Fourier transform) and substituting (16), we
can easily calculate ΨWH (see [10], [19]):
ΨWHµ (a, b) = e
−2ab cosh [log a+µ] (19)
that it is regular and asymptotically equivalent to (3.16). Then (19) represents
a pure gravity WH.
In the same way we can discuss the case with L(φ) 6= 0. If we consider the
axion field the hamiltonian becomes:
H = − f
4h2
[
1
(h′/h)2
Π2y −
1
(f˙/f)2
Π2x − 4h2 +Π2Φ
]
. (20)
In this case the hamiltonian (20) can be separated into the gravitational and
matter field parts. Then the operator ordering for the matter do not depend on
the structure of the manifold and we can quantize the matter degree of freedom
substituting:
Π2Φ → ∂2Φ (21)
We can easily separate the equation and solve the gravitational part as in pure
gravity case. We obtain:
Ψ(ν,ω)(a, b,Φ) = a
±iν′Kiν(2ab)e
±iωΦ (22)
where ν′2 =
√
ν2 + ω2. Similar solutions were first found by Campbell and Garay
[10] few years ago for the massless scalar field case; they reduce to (16) for ω =
0. We note that (22) are eigenfunctions of ΠΦ and therefore there is a flux of
the axion field through each threedimensional surface at t = constant. As in
the previous case (22) cannot be interpreted as quantum WHs but we can still
construct a superposition that can be interpreted as a WH (as in [10]).
If we consider the EM field case, analogously to the previous case the hamil-
tonian can be separated into the gravitational and matter parts. The solution
corresponding to (8) is:
Ψ(ν,ω)(a, b, A) = Kiν(ωa)Kiν(2ab)e
±iωA. (23)
Again these solutions cannot be interpreted as WHs but we are able to construct
a superposition of (23) that describes a WH. Starting from (18) we can choose
for instance
C(ν) = ν tanh(piν). (24)
Substituting (23) and (24) in the (18) we obtain the normalized wave function
(Kontorovich–Lebedev transform, see [19]):
Ψω(a, b, A) =
√
16bω
ω + 2b
e−a(ω+2b)e±iωA. (25)
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We can easily verify that (25) is regular and its asymptotic behaviour for b→∞
coincides with (17): then (25) can be interpreted as a WH generated by the EM
field joining two flat R3 × S1 regions.
In this paper I have examined quantum WH solutions in the KS spacetime.
In particular I have dealt with axion and EM fields. In pure gravity case it is
well known that WH type solutions do not exist in the classical euclidean frame;
on the contrary in the quantum frame, as we have seen, solutions of the WDW
equation that can be interpreted as WH wave functions do exist. In the axion
case the quantum solutions are similar to the solutions for the massless scalar
field discussed by Campbell and Garay. In the EM field case the quantum WH
solutions are the first example of quantumWH generated by the coupling between
the canonical quantized gravitational field and the EM field. I have then proved
that the EM field generates WH in canonical quantum gravity.
I am very grateful to Prof. V. de Alfaro and L.J. Garay for interesting
discussions. I also thank Prof. J. Nelson.
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